In this paper we give a new bound on the sum of the Betti numbers of closed semi-algebraic sets. This extends a well-known bound due to Oleinik and Petrovsky 28], Thom 35] and Milnor 27]. In separate papers they proved that the sum of the Betti numbers of a semi-algebraic set S R k ; de ned by P 1 0; : : : ; P s 0; deg(P i ) d; 1 i s; is bounded by (O(sd)) k : Given a closed semi-algebraic set S R k dened as the intersection of a real variety, Q = 0; deg(Q) d; whose real dimension is k 0 ; with a set de ned by a quanti er-free Boolean formula with no negations with atoms of the form, P i = 0; P i 0; P i 0; deg(P i ) d; 1 i s; we prove that the sum of the Betti numbers of S is bounded by s k 0 (O(d)) k : Additionally, when S is de ned by Q = 0; P 1 > 0; : : : ; P s > 0; we have a slightly tighter bound of
; with a set de ned by a quanti er-free Boolean formula with no negations with atoms of the form, P i = 0; P i 0; P i 0; deg(P i ) d; 1 i s; we prove that the sum of the Betti numbers of S is bounded by s k 0 (O(d)) k : Additionally, when S is de ned by Q = 0; P 1 > 0; : : : ; P s > 0; we have a slightly tighter bound of ? s k 0 (O(d)) k : This result generalizes the Oleinik-PetrovskyThom-Milnor bound in two directions. Firstly, our bound applies to arbitrary unions of basic closed semi-algebraic sets, not just for basic semi-algebraic sets. Secondly, the combinatorial part (the part depending on s) in our bound, depends on the dimension of the variety rather than that of the ambient space. It also generalizes a result in 5] where a similar bound is proven for the number of connected components.
We also investigate the case where the algebraic complexity of the input polynomials is measured in terms of the number of monomials present, the degrees being unbounded. Given a closed semialgebraic set S R k de ned as the intersection of a real variety, Currently at the Mathematical Sciences Department, IBM T.J. Watson Research Center, Yorktown Heights, NY 10598. This work was done while the author was a graduate student at the Courant Institute of Mathematical Sciences, New York University, New York, NY 10012, U.S.A., and was supported in part by NSF grants CCR-9402640 and CCR-9424398. A preliminary version of this paper appeared in the Proceedings of the 28th Annual ACM Symposium on the Theory of Computing, 408-417, 1996. Q = 0; deg(Q) d; whose real dimension is k 0 ; with a set de ned by a quanti er-free Boolean formula with no negations with atoms of the form, P i = 0; P i 0; P i 0; such that the total number of monomials occurring in the polynomials in P fQg is m; we prove that the sum of the Betti numbers of S is bounded by s k 0 : The separation of these bounds into two parts, namely a combinatorial part depending on the number of polynomials involved and an algebraic part depending on the degrees of the polynomial is novel and is not immediately obtainable using the basic technique due to Oleinik, Petrovsky, Thom and Milnor. In the second part of the paper we use the tools developed for the above results, as well as some additional techniques, to give the rst single exponential time algorithm for computing the Euler characteristic of arbitrary semi-algebraic sets.
Introduction
Let P = fP 1 ; : : : ; P k g R X 1 ; : : : ; X k ]; be a family of polynomials whose degrees are bounded by d; and let S be a closed semi-algebraic set de ned by a quanti er-free Boolean formula, without negations, whose atoms are of the form P i 0; 2 f ; ; =g; 1 i s:
Thus S is de ned as a disjunction of weak sign conditions on the family P; where a weak sign condition is a conjunction of the form, P 1 1 0; : : : ; P s s 0; i 2 f ; ; =g; 1 i s:
The Betti numbers, i (S); which are the ranks of the singular homology groups of S; are a measure of the topological complexity of S and can be bounded in terms of s; d and k: Since by Collin's algorithm 9] for cylindrical algebraic decomposition, there exists a cellular decomposition of S into (sd) 2 O(k) cells, the same bound applies to i (S): In the case where the set S is a basic closed semi-algebraic set de ned by, P 1 0; : : : ; P s 0; with deg(P i ) d; there is a tighter bound of (O(sd)) k on the sum of the Betti numbers of S: This was proved in separate papers by Oleinik and Petrovsky 28], Thom 35] and Milnor 27] . (Note that this includes the case when S is the real zeros of a set of polynomials.) This bound plays an important role in algorithmic real algebraic geometry 22], and has been used recently in proving lower bounds in the algebraic computation tree model (see 36] , 29]). A di culty in extending this bound to an arbitrary semi-algebraic set de ned by the polynomials P; lies in the fact that the Betti numbers of the union of two disjoint sets, can be arbitrarily greater than the sum of the individual Betti numbers of the two sets (see 36] for an easy example). We extend the same bound to arbitrary unions of basic closed semialgebraic sets. More precisely, we prove the following theorem:
Theorem 1 Let S R k ; be the intersection of a closed semi-algebraic set de ned by a quanti er-free Boolean formula without negations involving a family, P = fP 1 ; : : : ; P s g; of s polynomials whose atoms are of the form P i 0; 2 f ; ; =g with the zero set, Z(Q), of a polynomial Q: Let the geometric dimension of Z(Q) be k 0 ; and the degrees of the polynomials in P fQg be bounded by d: Then, the sum of the Betti numbers of S is bounded
Secondly, if S is de ned by Q = 0; P 1 > 0; : : : ; P s > 0; we have a slightly tighter bound of
If Q is taken as the zero polynomial, then Z(Q) = R k and k 0 = k; and we get the Oleinik-Petrovsky-Thom-Milnor bound extended to arbitrary closed semi-algebraic sets as a special case. Note that a bound of ? s k 0 (O(d)) k on the zero-th Betti number for arbitrary semi-algebraic sets (which is just the number of connected components) was known before 5] and our bound is a generalization of this result to the higher Betti numbers in the case of closed semi-algebraic sets.
Note also that a lower bound of ( sd k 0 ) k 0 on the zero-th Betti number is easily obtained by considering the set of non-zeros of s polynomials, each of them a product of d linear polynomials, restricted to a k 0 dimensional linear subspace.
The dependence on k 0 instead of k in the combinatorial part (the part depending on s) of the bound in theorem 1 becomes important when we consider low dimensional semi-algebraic sets embedded in a higher dimensional space, and this is sometimes important in applications. For example, the bound on the number of connected components in 5] plays a crucial role in the proof of the main result in 13], where the variety is the real Grassmannian G m;n (the space of m dimensional subspaces of R n ), embedded as a m(n ? m) dimensional variety in R n Remark 2: Even though we state our results for closed semi-algebraic sets over the reals the same bounds hold over any real closed elds through the application of well-known transfer principles. We refer the reader to the article by Knebusch 24] for the intricacies of semi-algebraic topology over general real closed elds.
In order to achieve the bound in theorem 1 we prove that an arbitrary closed semi-algebraic set has the same homology groups as a compact semialgebraic set de ned by polynomials in general position. This result generalizes a similar result in Canny 7] where it was proved for semi-algebraic sets de ned by a single sign condition, and this intermediate result might be of independent interest.
Next we consider the problem of computing the Euler characteristic (S);
of a closed semi-algebraic set S: The Euler characteristic, which is the alternating sum of the Betti numbers of S; is an important topological invariant and thus can be used as a test to rule out topological equivalence. Also, computing the Euler characteristic of semi-algebraic sets occur as an important sub-problem in some recent work due to Gabrielov 11] on computing multiplicities of the zeros of polynomial functions along the trajectories of a polynomial vector eld. We prove the following theorem. We remark that computing strati cations of semi-algebraic sets, and thus computing their homology groups, in single exponential time, is a central open problem of computational real algebraic geometry (see the survey by Chazelle 8] ). Single exponential algorithms for determining certain other (weaker) topological properties of semi-algebraic sets are known. For example, it is possible to compute the number of connected components 7, 18, 15, 20] , semi-algebraic description of the connected components 21], as well as to decide whether two points are in the same connected component of a semi-algebraic set 7, 18, 20] , in single exponential time.
Collin's algorithm for computing a cylindrical algebraic decomposition 9], gives su cient topological information for computing the Euler characteristic, and in fact the homology groups of a given semi-algebraic set 34].
However, this algorithm has double exponential complexity (sd) 2 O(k) : Previously, this was the best algorithm for computing the Euler characteristic of general semi-algebraic sets. A single exponential algorithm for computing the Euler characteristic of a smooth algebraic hypersurface is mentioned in 31] .
The rest of the chapter is organized as follows.
In section 2 we show how to perturb the polynomials to bring them into general position without changing the homology groups of the given semi-algebraic set.
In section 3 we prove our bound on the Betti numbers of closed semialgebraic sets.
In section 4 we prove a bound on the sum of the Betti numbers of a closed semi-algebraic set, in which the algebraic part of the complexity depends only on the number of monomials appearing in the polynomials and is independent of the degree.
In section 5 we describe our algorithm for computing the Euler characteristic. In subsection 5.2 we give an algorithm for computing the Euler characteristic of a basic semi-algebraic set, and in subsection 5.3 we give an algorithm for computing the Euler characteristic of an arbitrary union of such sets.
Going to general position
We say that a family of polynomials P in k variables is in general position if no k + 1 of them have a common real zero. In this section we show that given a semi-algebraic set, S; de ned by a family, P; of s polynomials with degrees bounded by d; we can de ne a new compact semi-algebraic set S 0 ; which has the same homology groups as S; but which is de ned by a family, P 0 ; of polynomials in general position. Moreover, jP 0 j 4s + 1; and the degrees of the polynomials in P 0 are bounded by d 0 ; where d 0 is the least even number greater than d: Similar results appear in 7], where they are proved for semi-algebraic sets de ned by one single sign condition. Our proof techniques are similar to those used in 7], but our results apply to arbitrary closed semi-algebraic sets.
We rst recall few facts from algebraic topology. Given a semi-algebraic set, S R k ; we denote by H (S) the graded singular homology group of S:
The following theorem appears in 33] (theorem 4.1.7).
Theorem 3 The singular homology functor commutes with direct limits.
We will also need the following fundamental property of the Cech homology groups of a compact space (see 10] page 257).
Theorem 4 If X is compact and the inverse limit of compact sets X then the Cech homology group H (X) is the inverse limit of the Cech homology groups H (X ):
Note that, since compact semi-algebraic sets are triangulable, their singular and Cech homologies coincide.
We rst ensure that a given semi-algebraic set has the same homology groups as a bounded one. Let S be a compact semi-algebraic set de ned by the formula,
where each j is an non-empty sign condition for the family P; and is positive and su ciently large.
For any sign condition ; and a new variable we will denote by (P; ) the following formula: For every strict sign in we retain the corresponding conjunct in (P; ): For every equality in we replace the corresponding conjunct, P j = 0; by the conjunct, (P j > ? )^(P j < ): Let S denote the semi-algebraic set de ned by the formula _ 1 j L j (P; ):
We have the following lemma.
Lemma 2 Let S be compact and S be as above. Then, for su ciently small > 0, H (S) = H (S ):
Proof: Let S 0 denote the semi-algebraic set de ned as S with the di erence that, for every equality in we replace the corresponding conjunct, P j = 0;
by the conjunct, P j ? ^P j ; and add the constraint X 2 1 + +X 2 k R where R is the radius of a ball containing S: It follows that S 0 is compact. Again by Hardt's triviality theorem, for su ciently small > 0; and all 0 < < ; S 0 is homeomorphic to S 0 :
Now, S S S 0 .
Also, S = \ >0 S 0 : Hence, by theorem 4 H (S) is the inverse limit of the groups H (S 0 ); and thus by the previous observation H (S) = H (S 0 ): Finally, note that S = 0<t< S 0 t ; and the singular chain complex of S is the direct limit of the singular chain complexes of S 0 t : Thus by theorem 3, H (S ) is the direct limit of the groups H (S 0 t ): But, H (S 0 t ) = H (S 0 ) for 0 < t < : Thus, we have that H (S ) = H (S 0 ) which implies that H (S) = H (S ) : 2
Note that, the set S is de ned by a disjunction of conjunctions of strict inequalities involving 3s polynomials, P2P fP; P + ; P ? g;
and that there are no equalities in the formula. We next prove that given a semi-algebraic set de ned by a disjunct of conjuncts of the form,^jQ j s j 0 where s j 2 f<; >g; then it is possible to de ne a new semi-algebraic set de ned by polynomials in general position having the same homology group.
Let S be a semi-algebraic set, de ned by the formula, _ 1 j L j (Q j ); where each j is a sign-condition on a subset Q j of a family of polynomial Q; and j does not contain equality.
Let Q = fQ 1 ; : : : ; Q s g; and deg(Q i ) < d; 1 i s:
For, Q i 2 Q; let Q + i = (1 ? In our proofs we will need a slightly stronger notion of general position.
Let Q be a polynomial such that Z(Q) has geometric dimension k 0 : We say that a family of polynomials P is in general position with respect to Q; if no k 0 + 1 of the polynomials in P have a real zero in common with Q:
Moreover, consider the intersection of a semi-algebraic set de ned by a family of polynomials P with Z(Q): Using the same arguments as in the proof of proposition 1, always carrying along the extra condition Q = 0; and replacing the polynomials H i by di erent in nitesimals (see 5]) we can replace S \Z(Q) by a compact semi-algebraic set contained in Z(Q); having the same homology, but de ned by at most 4s + 1 polynomials in general position with respect to Q.
We also remark that if a family of polynomials P is in general position with respect to a polynomial Q; then for an in nitesimal the family P2P fP; P + ; P ? g is also in general position with respect to Q as long as we consider zeros that are bounded over R: We use this implicitly in the proofs presented below.
Bounding the Betti Numbers
We make use of the following facts from algebraic topology which follows easily from the Mayer-Vietoris sequence (see 33]). Given a semi-algebraic set S we de ne r(S) = P i i (S): Let S 1 and S 2 be two compact semialgebraic sets. Then, from the Mayer-Vietoris sequence,
we can deduce the following:
r(S 1 ) + r(S 2 ) r(S 1 S 2 ) + r(S 1 \ S 2 );
(1) and, r(S 1 S 2 ) r(S 1 ) + r(S 2 ) + r(S 1 \ S 2 ):
Lemma 5 Let S be a semi-algebraic set de ned by a conjunct (Q = 0)( 1 (P) _ _ L (P)); where Q is a polynomial, and j ; 1 j L; are distinct sign conditions on a family of polynomials P; such that none of the j contain an equality. Then, i (S) = P 1 j L i (S j ) and (S) = P 1 j L (S j ); where S j is the set de ned by the conjunct (Q = 0)^ j (P):
Proof: This follows immediately from the de nition of singular homology groups. The singular chain of S being the direct sum of the singular chains of the S j s. 2 
Proof of Theorem 1
Proof: In view of proposition 1 and the remarks following it we can assume without loss of generality that S is a compact set de ned by s polynomials in general position with respect to Q:
We next prove two lemmas that will imply the theorem.
Given a polynomial Q and a family of polynomials P = fP 1 ; : : : ; P s g; we de ne the combinatorial level of the system (Q; P) to be the least integer m such that no m + 1 of the polynomials in P have a common real zero with Q: For example, the combinatorial level of (Q; P) is bounded by k 0 if the dimension of Z(Q) is k 0 and the polynomials in P are in general position with respect to Q: Lemma 6 Let S be a semi-algebraic set, de ned by Q = 0; P 1 > 0; : : : ; P s > 0; where Z(Q) is bounded and Q is non-negative everywhere. Let P = fP 1 ; : : : ; P s g; and the combinatorial level of the system (Q; P) be bounded by m k and the degrees of the polynomials Q and P i be bounded by 2d and Note that, U 1 ; V 1 ; W 1 are de ned by the systems, (Q+(P 1 ? 1 ) 2 ; P); (Q+ (P 1 + 1 ) 2 ; P); (Q + P 2 1 ; P nfP 1 g); (note that Q is non-negative everywhere)
respectively. Moreover, each of the above system has combinatorial level at most m ? 1:
We next consider T 1 which is de ned by a set of sign conditions without the atom P 1 = 0; and eliminate the atom P 2 = 0:
We do this by replacing P 2 < 0; P 2 > 0 by P 2 ? 2 ; P 2 2 respectively.
In this way we obtain the inequality, r(T 1 ) r(T 2 ) + r(W 2 ) + r(U 2 ) + r(V 2 ); where U 2 ; V 2 ; W 2 are sets de ned by systems with combinatorial level at most m ? 1:
The remaining set, T 2 has the same homology as the union of the sets de ned by those sign conditions appearing in the de nition of S; which contain neither P 1 = 0 nor P 2 = 0:
We continue this process till we have eliminated P s = 0; and we get the The theorem now follows since the combinatorial level of a system (Q; P) with the family P in general position with respect to Q is bounded by k 0 : 2
A Fewnomial Bound
In this section, we prove a bound on the sum of the Betti numbers of a closed semi-algebraic set, in which the algebraic part of the complexity depends only on the number of monomials appearing in the polynomials and is independent of the degree. This result is a consequence of the fewnomial bounds due to Khovansky 23] and the technique used to prove theorem 1.
The following proposition is crucial for the proving the bound and is used as well in our algorithms to compute the Euler characteristic. Let S be a compact, basic, semi-algebraic set de ned by, P 1 0; : : : ; P s 0: Let the degrees of the polynomials, P i be bounded by d: The next proposition proves that S is has the same homology groups as a certain set which is bounded by a smooth hypersurface. Moreover, S is bounded by connected components of a smooth hypersurface Z(Q); which has a nite number of critical points for the projection map onto the X 1 co-ordinate and these critical points are non-degenerate and have distinct X 1 co-ordinates.
Proof: Let S = (Q 0)^1 i s ((1 ? )P i + 0):
Since S is compact there exists a constant R such that, x 2 S ) x 2d 0 1 + + x 2d 0 k + 1 < R: For 0 < < 1=R; any point, x = (x 1 ; : : : ; x k ); satisfying P 1 (x) 0; : : : ; P s (x) 0 will also satisfy Q 0: This follows directly from the de nition of Q and the fact that x 2d 0 1 + + x 2d 0 k + 1 < R: Thus, for every connected component C of S there exists a connected component C 0 of Q 0 such that C C 0 : Moreover, the signs of the polynomials +(1? )P i ; 1 i s; cannot change over C 0 because if one of them became zero Q would be negative at that point. But, since C 0 contains C; and is su ciently small, it is clear that + (1 ? )P i > 0; 1 i s over C 0 : Thus, for small enough, S S :
Moreover, S = \ t>0 S t ; and S and S t are compact. Thus using Hardt's triviality and theorem 4, we have that for small enough > 0, H (S) = H (S ) : We next show that the set S is bounded by connected components of the smooth hypersurface de ned by Q = 0:
First observe that the set Q 0 is bounded. This follows from the fact that 2d 0 > sd and thus the second term in Q dominates the rst as jxj becomes large.
Secondly, the polynomials + (1 ? )P i are all strictly positive over S :
Hence, S must be bounded by the smooth hypersurface Q = 0: It remains to show that the hypersurface Q = 0 is smooth and has a nite number of critical points for the projection map onto the X 1 co-ordinate, and that these critical points are non-degenerate with distinct X 1 co-ordinate. Let Proof: The proof is the same as that of theorem 1 except that in the case of algebraic sets we use the bound in lemma 5 rather than the Thom-Milnor
Note that this bound is again separated into a combinatorial part of s k 0 ; and an algebraic part which depends only on m and k: Also note that the Thom-Milnor method does not give this bound even for the basic semialgebraic sets. The reason is that in their method one replaces a basic semialgebraic set by a set de ned by a single polynomial which is a perturbed version of their product. However, the number of monomials in the product of s polynomials is exponentially large in s; and thus the separation of the combinatorial and the algebraic parts is no longer possible.
Computing the Euler Characteristic
By proposition 1 we can assume, without loss of generality, that the given semi-algebraic set is compact. If the given set is not compact then we make make the perturbations described in section 2 and compute the Euler characteristic of the perturbed set. The Euler characteristic of this new set is equal to the Euler characteristic of the original set. The new system will have at most 4s+1 polynomials with degrees at most 2d: Moreover, we now have to compute in a larger ring Z ; ; ]: However, since we have introduced only three in nitesimals, the asymptotic complexity of the algorithm is not a ected.
Algorithmic Preliminaries
In our algorithm we will utilize several other algorithms from real algebraic geometry as subroutines. In this section we recall some of the algorithms that we use as subroutines, with appropriate pointers to the literature. We use a subroutine 4] that constructs univariate representations of the zeros of a zero dimensional variety. This subroutine takes as input a Gr obner basis of a zero-dimensional ideal, I, of polynomials in k variables and outputs a set consisting of (k+2)-tuples of univariate polynomials, (f; g 0 ; : : : ; g k ) such that the complex zeroes of I are among the points obtained by evaluating the rational functions ( g 1 g 0 ; : : : ; g k g 0
) at the roots of the univariate polynomial f, for all the tuples (f; g 0 ; : : : ; g k ) in the output. We say that the real points corresponding to the tuple (f; g 0 ; : : : ; g k ); are associated to the tuple, and the tuple itself is a univariate representation of these points. Moreover, if the degrees of the polynomials in the input are bounded by d; the degrees of the polynomials in the output as well as the complexity of this subroutine
We also make use of an algorithm, called the sample points subroutine 4], that computes a nite set of points which intersects every connected component of every non-empty sign condition (referred to as cells henceforth) of a family of polynomials P; of size s and degrees bounded by d: The subroutine also outputs the sign vector of the polynomials of P at each output point. The complexity of this subroutine is
Lastly, we make use of a multivariate sign determination subroutine 4].
The input is a system T of polynomial equations in k variables, with a nite number of zeros, along with a Gr obner basis for the ideal generated by the polynomials in T, and a set of s polynomials P = fP 1 ; : : : ; P s g: The output is the list of non-empty sign conditions 1 ; : : : ; M of P at the real zeros of 
5.2
The algorithm for a semi-algebraic set de ned by one sign condition
In this section, we describe an algorithm for computing the Euler characteristic of a semi-algebraic set de ned by one single sign condition on a family of polynomials. Using lemma 4 we can assume, without loss of generality that the semi-algebraic set S is de ned by, P 1 0; : : : ; P s 0: From proposition 2 it follows that S has the same homology groups and hence the Euler characteristic, as the union of the connected components of the set de ned by 
Proof of Correctness
Before giving the proof we need to recall certain facts from Morse theory of strati ed sets 12].
A Whitney strati cation of a space X is a decomposition of X into submanifolds called strata, which satisfy certain frontier conditions, (see 12] page 37). In particular, given a compact set bounded by a smooth hypersurface, the boundary and the interior form a Whitney strati cation. Now, let X be a compact Whitney strati ed subset of R k ; and f a restriction to X of a smooth function. A critical point of f is de ned to be a critical point of the restriction of f to any stratum, and a critical value of f is the value of f at a critical point.
The rst fundamental result of strati ed Morse theory is the following. A function is called a Morse function if it has only non-degenerate critical points when restricted to each strata, and all its critical values are distinct.(There is an additional non-degeneracy condition which states that the di erential of f at a critical point p of a strata S should not annihilate any limit of tangent spaces to a stratum other than S: However, in our simple situation this will always be true.)
In strati ed Morse theory the Morse data is presented as a product of two pairs, called the tangential Morse data and the normal Morse data. The notion of product of pairs is the standard one in topology, namely Instead of describing these in full generality, we restrict ourselves to the very simple situation in which we need them, namely when X R k is compact and is bounded by a smooth hypersurface. The strati cation we consider is the strati cation of X into its boundary and interior and the function f is just the projection map onto the X 1 co-ordinate. In this case, all critical points occur on the boundary strata (the interior is open in R k ).
The We are now in a position to prove the main proposition of this section. For each j; 1 j m; do the following. Without loss of generality assume that j is of the form, P 1 = = P l = 0; P l+1 > 0; : : : ; P s > 0: Let U j be the set de ned by, P 1 = = P l = 0; P l+1 0; : : : ; P s 0; and let V j = U j \ Z( Q l<i s P i ):
Using the algorithm described in section 5.2 for computing the Euler characteristic of basic semi-algebraic sets, compute (U j ) and (V j ):
Output, (S) = P 1 j m ( (U j ) ? (V j )):
First note that the set S is compact.
We utilize several results from 36]. We assume that the reader is familiar with algebraic decision trees ( 36] ). Consider the following xed degree We rst prove a preliminary lemma.
Lemma 8 Let X be a semi-algebraic set in R k which is bounded and semi- Note that since S is compact, 0 (S) = (S): The lemma now follows by a simple induction on the levels of T; starting from the leaf nodes and going up, and using lemma 8 at each node. We omit the details. 
